We give explicit expressions of a deformation quantization with separation of variables for CP N and CH N . This quantization method is one of the ways to perform a deformation quantization of Kähler manifolds, which is introduced by Karabegov. Star products are obtained as explicit formulae in all order in the noncommutative parameter. We also give the Fock representations of the noncommutative CP N and CH N .
Introduction
Deformation quantizations were introduced by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer [1] as a method to quantize spaces. After [1] , several ways of deformation quantization were proposed [2, 3, 4, 5] . In particular, deformation quantizations of Kähler manifolds were provided in [6, 7, 8, 9] 1 . In this article, we consider the deformation quantization with separation of variables that are one of the ways to construct the noncommutative Kähler manifolds introduced by Karabegov [11, 12, 13] .
In many cases, deformation quantization of a manifold is given by a star product which is defined in a form of a formal power series of deformation parameter . The power series is obtained as solutions of an infinite system of differential equations, and it is proved that there exists a unique deformation quantization as the solution of the system. The existence of the solution is proved for a wide class of manifolds, however explicit expressions of deformation quantizations are constructed only for few kinds of manifolds. For example, Euclidean spaces are deformed by using the Moyal product, and on manifolds with spherically symmetric metrics explicit star products are given in the context of the Fedosov's deformation quantization [4] .
The aim of this article is to give explicit expressions of deformation quantizations with separation of variables for CP N and CH N . 2 To construct star products, we have to solve the infinite system of differential equations. In these cases, as will be shown, differential equation systems are solvable, and expressions of star products are explicitly given in all order of . A noncommutative deformation of CP N was investigated by performing the phase space reduction in [19] . We will comment on the connection between their star product and our result.
We also give the Fock representations of noncommutative CP N and CH N . The Fock representations of star products are also used in investigations of field theories on noncommutative spaces. In particular, the Fock representations give useful methods of constructing solitons and instantons in noncommutative field theories. Further, matrix models corresponding to noncommutative field theories can be obtained from the Fock representations, and quantum analyses of the models are actively pursued.
The organization of this article is as follows. In Section 2, we review the deformation quantization with separation of variables proposed by Karabegov. In Section 3, a star product for CP N is given explicitly by using the deformation quantization with separation of variables. In Section 4, we give the Fock representation of the star product obtained in Section 3. In Section 5, a star product for CH N is constructed explicitly by the similar way to the one in CP N . Finally, we summarize our results and discuss their several perspectives in Section 6.
Review of the deformation quantization with separation of variables
In this section, we review the deformation quantization with separation of variables to construct noncommutative Kähler manifolds.
An N -dimensional complex Kähler manifolds is defined by using a Kähler potential. Let Φ be a Kähler potential and ω be a Kähler 2-form:
In this paper, we use the Einstein summation convention over repeated indices. The gk l is the inverse of the metric g kl :
2 Star products on the fuzzy CP N are investigated in [14, 15, 16] . A deformation quantization of the hyperbolic plane was provided in [17] .
In the following, we denote
Deformation quantization is defined as follows.
Definition 1 (Deformation quantization (weak sense)). Deformation quantization is defined as follows. F is defined as a set of formal power series:
A star product is defined as
such that the product satisfies the following conditions.
1. * is associative product.
2. C k is a bidifferential operator.
3. C 0 and C 1 are defined as
6)
where {f, g} is the Poisson bracket.
Note that this definition of the deformation quantization is weaker than the usual definition of deformation quantization. The difference between them is in (2.7). In the strong sense of deformation quantization the condition C 1 (f, g) = i 2 {f, g} is required. For example, the Moyal product satisfies this condition. But deformation quantizations with the separation of variables do not satisfy this condition. In the following, "deformation quantization" is used in this weak sense.
Definition 2 (A star product with separation of variables). * is called a star product with separation of variables when
for a holomorphic function a and
for an anti-holomorphic function b.
We use
where α is a multi-index α = (α 1 , α 2 , . . . , α n ). There are some useful formulae. Dl satisfies the following equations.
[Dl, Dm] = 0 , ∀l, m (2.10)
[Dl, ∂mΦ] = δlm (2.11)
Using them, one can construct a star product as differential operator A f such that f * g = A f g. Theorem 2.1. For arbitrary ω, there exist a star product with separation of variables * and it is constructed as follows. Let f be an element of F and A n ∈ S be a differential operator whose coefficients depend on f i.e.
where α is an multi-index α = (α 1 , α 2 , . . . , α n ). Then,
is uniquely determined such that it satisfies the following conditions.
When
Recall that each two of Dī commute each other, so if multi index α is fixed then the A n is uniquely determined. These conditions (2.16)-(2.18) teach us that A f g = f * g is deformation quantization.
The following proposition is used in Section 3 and Section 5.
Proposition 2.2. We denote a left operation for a generic function f as
19) where 3) and the inverse of the metric (gī j ) is
We here summarize useful relations in the following calculations;
where the coefficients cj 1j2 ···jn are totally symmetric under the permutations of the indices. We construct the operator Lzl, which is corresponding to the left star product byz l . Lzl is defined as a power series of ,
where A n (n ≥ 2) is a formal series of the differential operators Dk. We assume that A n has the following form,
where the coefficients a 
where A 1 = Dl. A 2 = ∂jΦDjDl is easily obtained from the above equation. Using the expression (3.9), the left hand side of the recursion relation (3.10) becomes
On the other hand, the right hand side of (3.10) is calculated as
Equating (3.11) with (3.12), we find 13) and the following recursion relation
To solve this equation, we introduce a generating function
for m ≥ 2. Then the relation (3.14) is written as
This is solved as
Since α 2 (t) is easily calculated from (3.13) as
The function α m (t) actually coincides with the generating function for the Stirling numbers of the second kind S(n, k), and a
Summarizing the above calculations, Lzl becomes
Here we defined α 1 (t) = t. Similarly, it can be shown that the right star product by z l , R z l f = f * z l is expressed as
where
From the theorem 2.1, proposition 2.2, (3.21) and (3.22), we obtain the following theorem. 
Here differential operators L f and R g are determined by the differential operators Lz and R z whose expressions are given in (3.21) and (3.22) through the relation (2.19) and (2.20), respectively.
We can now calculate the star products among z i andz i ,
where 2 F 1 is the Gauss hypergeometric function. Here we used the following equation
where the hat over a term means that it is to be omitted from the product. There are several ways of having deformation quantization by a reduction from higher dimensional manifolds. Within the framework of Karabegov's method for Kähler manifolds, a general reduction procedure of deformation quantizations with separation of variables was considered in [18] . When the standard star product with separation of variables corresponding to a Kähler potential ρ = ψ(z,z)uū, where z and u are holomorphic coordinates, is given, the reduction procedure eliminates the variables u,ū and produces the standard star product with separation of variables corresponding to the Kähler potential ln |ψ|. This reduction procedure can be applied to the case of the reduction from C N +1 \{0} to CP N and gives the same star product as the one used in this article. On the other hand, in [19] , a star product on CP N was constructed by performing the phase space reduction from C N +1 \{0}. The expression of their star product, denoted as * B , for functions f and g on CP N is given
where ζ A i ,ζ A j are the homogeneous coordinates. This is also the star product with separation of variables, and thus (3.24)-(3.26) hold trivially under * B product. z i * B z j is calculated as
where z i = ζ i /ζ 0 ,z i =ζ i /ζ 0 , and
We can show thatF 1 (−|z| 2 ) satisfies the hypergeometric equation and the boundary conditions for 2 F 1 (1, 1; 1−1/ ; −|z| 2 ), and thusF 1 (−|z| 2 ) = 2 F 1 (1, 1; 1−1/ ; −|z| 2 ). Similarly,F 2 (−|z| 2 ) = 2 F 1 (1, 2; 2 − 1/ ; −|z| 2 )/(1 − ) can be also shown. Therefore it turns outz i * z j =z i * B z j . These facts lead to f * g = f * B g. Namely, this calculation shows that the star product constructed by Karabegov's method coincides with the star product * B in [19] . As far as we know, the origin of this coincidence of the star products obtained by these different methods is not apparent at this time.
Fock representation
The left star product by ∂ i Φ and the right star product by ∂īΦ are respectively written as
1)
From the definition of the star product given in the previous section, we easily find
3)
sets of the creation-annihilation operators under the star product. But, it is noted that operators in {z i , ∂ j Φ} does not commute with ones in {z i , ∂jΦ}, e.g.,
Here, we would like to construct the Fock representation of the star product. First we show that e −Φ/ = (1 + |z| 2 ) −1/ is the vacuum projection. e −Φ/ is annihilated by the left star product of ∂ i Φ andz i ,
Here the following equation is used
Similarly, it is shown that e −Φ/ is annihilated by the right star product of the ∂īΦ and z i , e −Φ/ * ∂īΦ = e −Φ/ * z i = 0. (4.8)
Next, we show that e −Φ/ satisfies the relation
for a function f (z,z) such that f (z,w) can be expanded as Taylor series with respect to z i andw j , respectively. To show the relation, we note that the differential operator R z i corresponding to the right product of z i contains only partial derivatives byz j , and thus commutes with z k . Moreover, R z i annihilates e −Φ/ , R z i e −Φ/ = e −Φ/ * z i = 0 as mentioned above. From these, the relation (4.9) is shown as
Similarly, the following equation holds
As a specific case of the equation (4.9), the idempotency of e −Φ/ is obtained,
where Φ(0,z) = 0 is used. By using the relations (4.9) and (4.11), it is possible to calculate explicitly star products containing e −Φ/ as follows,
We then consider a class of functions
where α n ( ) is defined in (3.19) . M i 1 ···im;j 1 ···jn is totally symmetric under permutations of i's and j's, respectively. It is also useful to represent this function as
In the second equality, we used the following relation,
By using the commutation relations (4.3) and the fact that e −Φ/ is the vacuum projection, it can be shown that these functions form a closed algebra:
At last, the following theorem is obtained. and j = (j 1 , · · · , j n ) and a ij ∈ C. Then M is a ring whose multiplication is defined by the star product in Theorem 3.1, and its algebra is given by (4.18).
Further, the star products between M i 1 ···im;j 1 ···jn and one of z k , ∂ k Φ,z k and ∂kΦ are calculated as follows, The metric g ij and the inverse metric gī j are defined by
2)
Then we find the following relations similar to (3.5)-(3.7);
The operator Lzl is expanded as a power series of the noncommutative parameter ,
We assume that B n has the following form,
The factor (−1) n−1 in the front of the coefficient b
m is introduced for convenience. Requiring [Lzl, ∂īΦ + ∂ī] = 0, it is found that b (n) m should satisfy similar relations to (3.13) and (3.14),
m coincides with a (n) m , and we obtain the explicit representation of the star product with separation of variables on CH N ,
10)
From the theorem 2.1 and proposition 2.2, we obtain the following theorem.
Theorem 5.1. A star product with separation of variables for CH N with the Kähler potential Φ = − ln 1 − |z| 2 is given by
Here differential operators L f and R g are determined through the relation (2.19) and (2.20), respectively, by the differential operators Lz and R z whose expressions are given in (5.10) and (5.11).
Using the representations of the star product, we can calculate the star products among z i andz i ,
14)
Here the following equation similar to (3.28) is used,
As in the case of CP N , {z i , ∂ j Φ} and {z i , ∂jΦ} satisfy the commutation relations for the creation-annihilation operators. Also e −Φ/ is the vacuum projection operator, Here we used the following relation which is corresponding to (4.7) in the case of CP N ,
As in the case of CP N , we consider a class of functions
N i 1 ···im;j 1 ···jn is totally symmetric under permutations of i's and j's, respectively. Then we can show that these functions form a closed algebra
Moreover, the star products between N i 1 ···im;j 1 ···jn and one of z k , ∂ k Φ,z k and ∂kΦ are calculated as follows, 
Summary and discussion
In this paper, we obtained explicit expressions of star products in CP N and CH N by using the deformation quantization with separation of variables proposed by Karabegov. In this quantization method, a star product by a function is represented by a formal series of differential operators, which is obtained as the solution of an infinite system of differential equations. We gave the explicit solutions of the equations in the case of CP N and CH N . The operators corresponding to the left (right) star multiplications of functions are determined as the power series of in which each term contains the Stirling numbers of the second kind, the Kähler potentials of the manifolds, and the differential operators. We also constructed the Fock representations of the star products by using the fact that {z i , ∂ j Φ} and {zī, ∂j Φ} constitute 2N sets of the creation-annihilation operators under the star product. We first identified the function e −Φ/ corresponding to the vacuum projection. Then we considered the functions which are derived by multiplying polynomials of z i and zī on e −Φ/ , and showed that these functions form the closed algebra under the star product. Now, we have three comments. Firstly, the operator L f of the left star multiplication by a function f which is given in Section 3 for CP N and in Section 5 for CH N , respectively, can be represented by using the covariant derivatives. To this end, we show that L f on these manifolds has the following form,
The coefficient c n ( ) is determined by the condition [L f , ∂ī + ∂īΦ] = 0. For the case of CP N , this condition becomes
By solving the recursion relation, n(1 − (n − 1))c n ( ) − c n−1 ( ) = 0, under the initial condition c 0 = 1, c n ( ) is obtained as
where α n ( ) in given in (3.19) . The first two terms in the power series of of L f are calculated,
Similarly, the operator L f on CH N can be represented in the form of (6.1) with c n ( ) = β n ( )/n! where β n ( ) is defined in (5.12). The expression of L f (6.1) can be rewritten by the use of the covariant derivatives on the manifolds. Non-vanishing components of the Christoffel symbols on a Kähler manifolds are only Γ i jk and Γījk. Hence, for scalars f and g
5)
Using these relations. L f g becomes
c n ( )gj 1 k 1 · · · gj nkn ∇j 1 · · · ∇j n f (∇ k 1 · · · ∇ kn g) . (6.7)
In this article, we treat as a formal parameter. Now we consider the specific case of = 1/L (L ∈ N) and the star product in a function space M L spanned by
In this case, the series in (6.1) terminates at n = L, because
where f, g ∈ M L . Then, the expression of the star product coincides with the one in [14] . Secondly, let us try to extend the covariant expression of L f (6.7) to locally symmetric Kähler manifolds, ∇ µ R νρσ λ = 0. We assume the following form of L f ,
Tj 1 ···jn,k 1 ···kn n ∇j 1 · · · ∇j n f (∇ k 1 · · · ∇ kn g) . From the lemma 3 in [12] , it is found that the star product does not change under the transformation. Similarly, the form of the star product is invariant under mappings between other patches.
The function e −Φ/ = (1 + |z| 2 ) −1/ is corresponding to the vacuum projection, 
